Regarding the increasing application of trahertz (THz) technology, the interest in using two-wire waveguides is getting more and more popular due to their favorable propagation properties. Therefore, a more accurate analysis of these structures is very important. In this paper, a simple analysis of the guided waves in a two-wire waveguide based on Bipolar Coordinate System (BCS) has been investigated. The structure under study is two infinite, perfect electric conductor (PEC) cylinders in z direction, whose axes are positioned at a distance d from each other. The solution of TE and TM modes is sought by the aid of electromagnetic formulation, and an analytical expression is proposed for electromagnetic fields and cutoff wavenumbers, which have not been present in any of the previous studies. In this study, for the first time a BCS is used to formulate two-wire waveguide problem, and the validity range of the answer is discussed. The values of the cutoff wavenumbers are calculated for the first few modes of TE and TM, using both the proposed method and Finite Difference Method (FDM). The precise correspondence of the obtained values with the proposed method with those of FDM, along with the high speed and simplicity in implementation, introduces the present method as an appropriate candidate for analyzing transmission lines using parallel cylinders.
INTRODUCTION
With the rapid progress of THz technology in recent years, THz waveguides, which are the main components of a THz system, have gained a lot of attention [1] . Several microwave and optical waveguide structures have been used for THz applications such as coplanar strip line, metal pipes, and dielectric fibers. But they all suffer from high loss or high dispersion [2] . It has been demonstrated both experimentally and numerically that two-wire waveguide can be used at THz frequency region successfully with many advantages such as no dispersion, low loss, easy fabrication, and good coupling with common THz sources [3] [4] [5] [6] [7] [8] . Besides, there have been lots of work based on this type of waveguide which shows its high importance in microwave and THz frequencies [9] [10] [11] [12] [13] [14] . From the point of view of physics, theoretical studies on two-wire waveguide have been based on traditional electrostatic methods, such as image method, distributed parameter theory with equivalent L and C parameters, mapping approach, and approximate field analysis [15] [16] [17] [18] [19] . These approaches have been available for solving the problems of its low frequency applications, and they assume only the dominant mode (TEM) on a given structure more often, but for its modern applications of THz or even higher frequencies, a more accurate analysis is necessary. Although there have been some efforts to investigate the higher order modes in two-wire waveguides, they were either unsuccessful or substantially inaccurate [20, 21] .
In [20] , a method of transforming an eccentric coaxial as well as a double wire line of parallel cylinders into coaxial configuration was used with the aid of the bilinear transformation expressed in terms of mutually inverse points. The cutoff wavelength for TM and TE modes are found from the solution of weighted Helmholtz equation. The weighted Helmholtz equation resulting from the transformation was used for finding cutoff wavelengths. This eigenvalue equation was similar to that for a coaxial line except for the presence of a multiplication factor which made the dielectric inhomogeneous. The cutoff wavelengths for TM and TE modes were found from the solution of the weighted Helmholtz equation. The most important point regarding this work is that the numerical data for the two-wire waveguide were not accurate because of the approximations mode in the numerical computation.
In [21] , an analytical method was given to study the TEM mode of a two-wire waveguide using a BCS. Considering the finite conductivity of the gold two-wire waveguide in the THz frequency, the equivalent impedance and ohmic loss of two-wire waveguide were calculated. One of the important shortcomings of this paper is the lack of the analysis of TE and TM modes.
Having said that, the features of the dominant mode of the two-wire waveguide can be obtained easily by using conformal mapping. However, for higher-order modes (TE and TM), this method cannot be used. Considering the geometry of the problem and features of the BCS, one can expect that the BCS is very useful in the theoretical investigation of two-wire waveguides. It is noteworthy that Gholizadeh et al. have recently applied a BCS to the analysis of an eccentric coaxial waveguide successfully [22] . Considering the shortcomings in the previous works, this study investigates the higher order modes of a two-wire waveguide. The cutoff wavenumbers of TM and TE modes are determined by enforcing the boundary conditions at the boundaries of the two-wire waveguide, and an analytical expression is proposed for electromagnetic fields. There has been no numerical analysis of the higher order modes of two-wire waveguides. However, in this paper, rather than the proposed analytical solution, the values of cutoff wavenumbers are obtained using FDM in BCS. Zhou et al. have recently applied FDM in BCS to the analysis of an eccentric cable successfully [23] . We have applied the same approach as [23] to calculate the cutoff wavenumbers of TM and TE modes of a two-wire waveguide.
This paper is organized as follows. Section 2 presents the formulation of the problem and its solution. The obtained results are discussed in Section 3. Finally, Section 4 concludes this research.
GENERAL ANALYSIS

Defining the Structure in BCS
The schematic of a two-wire waveguide is shown in Figure 1 (a). It contains two PEC cylinders with radii of R 1 and R 2 , where d is the distance between their centers. This type of waveguide can be easily described using BCS (ζ, η, z) as shown in Figure 1 as follows:
where a is an arbitrary positive real number, and 2a shows how far apart the poles of the BCS lie. Moreover, the relation between the BCS and the Cartesian coordinate system is as follows:
The transversal scale factors are defined as:
From Eqs. (1), (2), and Figure 1 , we have:
It is obvious that ζ = −ζ 1 and ζ = ζ 2 show the surface of the conductors in the BCS.
The Helmholtz Equation and Boundary Conditions
The Helmholtz equation in the BCS can be written as:
and its answer for |ζ| ≥ 3 is as follows:
where ϕ represents the scalar function that illustrates the longitudinal component of the field (e z in TM modes and h z in TE modes), k c = k 2 − k 2 z and k = ω/c [22] .
TM Modes
By employing the Dirichlet boundary condition ϕ(−ζ 1 , η) = ϕ(ζ 2 , η) = 0 for TM modes, we have the following equations:
By omitting B 1 and B 2 in Eq. (9), the dispersion equation for TM modes can be obtained as follows:
Equation (10) can be reformulated as follows:
where b = e ζ 2 −ζ 1 and p = 2ak c e −ζ 2 . Consequently, the cutoff wavenumbers of TM modes can be derived from the following expression:
where p nm denotes the mth root of Eq. (11).
TE Modes
By employing the Neumann boundary condition ∂ϕ (ζ 1 , η) /∂ζ = ∂ϕ (ζ 2 , η) /∂ζ = 0 for TE modes, we have the following equations:
By omitting B 1 and B 2 in Eq. (13), the dispersion equation for TE modes can be obtained as follows:
Equation (14) can be reformulated as follows:
where b = e ζ 2 −ζ 1 and p = 2ak c e −ζ 2 . As a result, the cutoff wavenumbers of TE modes are obtained from the following expression:
where p nm denotes the mth root of Eq. (15) . It is clear that the characteristic equations of TE and TM modes (Eqs. (10) and (14), respectively) do not have a unique answer for ζ 1 = ζ 2 . Hence, the condition ζ 1 = ζ 2 must be considered. In this paper, we have supposed ζ 1 < ζ 2 .
The Solution of the Electric and Magnetic Fields
To obtain an explicit solution for electric and magnetic fields of TE modes in a two-wire waveguide, we have:
Therefore, for electric fields:
And for magnetic fields:
The solution for electric and magnetic fields of TM modes can be obtained similarly.
FDM
To apply the FDM to the Helmholtz equation, firstly, according to the Taylor series of ϕ i,j in the BCS, we can write:
Considering Eqs. (7), (22) , and (23), we can simply extract the differential form of the Helmholtz equation in the BCS on an orthogonal mesh. Accordingly, using the equation and boundary conditions, a differentiation matrix (X) can be derived to solve the eigenvalue problem: Xψ = k 2 c ψ = λψ (24) where ψ represents the eigenvector of ϕ values, and λ = k 2 c is the required eigenvalue [23] . It is obvious that the entire region of the two-wire waveguide in the BCS can be defined as −ζ 1 ≤ ζ ≤ ζ 2 and 0 ≤ η ≤ 2π. Hence, rather than the Dirichlet and Neumann boundary conditions (for TM and TE modes, respectively) at ζ = −ζ 1 and ζ = ζ 2 , the periodic boundary conditions should be applied at the boundaries η = 0 and η = 2π. Also, we can write the parameters of the BCS based on the dimensions of the two-wire waveguide as follows:
(25) ζ 1 = arcsinh (a/R 1 ) (26) ζ 2 = arcsinh (a/R 2 ) (27) In order to be convenient for comparison and conversion, we have considered α = R 2 /R 1 and β = d/R 1 . Hence, Equations (25)-(27) can be reformulated as follows:
The main parameters used in the calculations are summarized in Table 1 .
NUMERICAL RESULTS AND DISCUSSION
Evaluation of the Proposed Method
Unlike the introduced parameters ζ 1 and ζ 2 which are dimensionless, the waveguide has physical dimensions that can be expressed in cm, mm, inch, wavelength, etc. The relationship between ζ 1 and ζ 2 with physical dimensions of the waveguide is illustrated in Figure 2 . Looking at this figure, it is clear that as ζ 1 increases, the value of β increases, too. Obviously, |ζ| ≥ 3 means β ≥ 20. The values of β can be plotted against α, corresponding to any arbitrary value of ζ 1 larger than 3. Table 1 . Main parameters for the calculations using FDM.
Parameters
Values 
Investigating the Accuracy of the Proposed Method
The answers of Eqs. (11) and (15) are calculated using MATLAB software, and the values of p nm and p nm are given in Table 2 . Moreover, the cutoff wavenumbers (k nm ) of TE and TM modes are given in Table 3 and Table 4 , respectively. In these tables, the cutoff wavenumbers are calculated using our analytical method, and the results are compared with those given in [20] . Due to the complexity of the manufacturing process of the structure and the lack of a precise solution for it, we have used the FDM as a reference for the comparison between the two methods. Considering Eqs. (22) and (23), since we chose Δζ = Δη = 0.01 for these calculations, an accuracy of 0.0001 can be achieved. From the tables we can find that our analytical results coincide with those of the FDM. Our results, both analytical and numerical ones, do not agree with those given in [20] . This is predictable, since in [20] the authors have clearly mentioned that the numerical data for the two-wire waveguide were not accurate because of the approximations mode in the numerical computation. In other words, for solving the weighted Helmholtz equation resulting from the bilinear transformation for the two-wire waveguide, they considered a baseless assumption (w = ρ 1 ρ 2 ) in order to just obtain a final expression for the cutoff wavenumbers, no matter how the results would be accurate.
Finally, a comparison between the cutoff wavenumber of TE 11 predicted by our analytical method and those of the FDM is proposed in Figure 3 . Although we have stated that the validity range of our analytical method is |ζ| ≥ 3 ↔ β ≥ 20, it is clear from the figure that the method works fairly well, even out of this range. For example, the relative error for β = 6 is only 3 percent. 
Investigating the CPU Computation Time of Our Method and the FDM
In Table 5 , the CPU computation times of our analytical method and the FDM are compared. The time is measured using the Tic-Toc functions in MATLAB software. For this measurement, a personal computer with the following specifications is used:
• CPU: Core i5, 2.5 GHz.
• RAM: 4 GB Considering the results in this table, our analytical method is significantly faster than the FDM in calculating the cutoff wavenumbers. Figure 3 . The cutoff wavenumber of TE 11 , comparison with its value using FDM at different values of β(α = 0.5).
CONCLUSIONS
The problem has been investigated in a fully analytical manner, and analytical expressions have been obtained for the electric and magnetic field functions and cutoff wavenumbers. The presented method gives accurate results for β ≥ 20. An excellent agreement between the calculated cutoff wavenumbers and those obtained by the FDM is observed. The combination of accuracy, analyticity, and ease of implementation makes this method an appropriate option for analysis of transmission lines using parallel cylinders. Future steps of this study can fall into the following subjects: analysis of circular waveguides which are loaded with eccentric dielectric materials, analysis of dielectric coating on the inner conductor of an eccentric coaxial waveguide, and analysis of scattering of electromagnetic waves from an eccentrically coated circular PEC cylinder.
